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Abstract—We discuss some current trends of variational analysis related to second-order theory and meaningful applications. Among the most impressive ones from
both viewpoints of variational theory and applications,
there are optimal control problems for the so-called
sweeping/Moreau processes described by discontinuous
differential inclusions via the normal cones to moving sets.
We formulate such problems and discuss their differences
from conventional optimal control problems governed
by differential equations and differential inclusions with
Lipschitzian right-hand sides. The constructions of the
method of discrete approximations married to advanced
tools of second-order variational analysis allow us to
establish the well-posedness and strong convergence of
discrete approximations, obtain necessary optimality conditions for discrete counterparts of the controlled sweeping processes, and then to establish by passing to the
limit those for local minimizers of the original sweeping
control problems expressed entirely in terms of the given
data. Some recent applications are also briefly discussed.
Keywords—variational analysis, generalized differentiation, optimal control, differential inclusions, controlled
sweeping processes, discrete approximations, necessary
optimality conditions, generalized Euler-Lagrange conditions, Pontryagin’s maximum principle.

Variational analysis has been recognized as an active
and fruitful area of mathematics that, on one hand,
concerns the study of optimization-related problems
and, on the other hand, applies optimization, perturbation, and approximation ideas to the analysis of
a broad range of problems that may not be of a
variational nature. This area can be considered as an
outgrowth of the classical calculus of variations, optimal control theory, and mathematical programming,
where the focus is on optimization of functions relative
to various constraints and on the solution sensitivity
with respect to perturbations. A characteristic feature
of modern variational analysis is a broad involvement
of objects with nonsmooth structures (nondifferentiable
functions, sets with nonsmooth boundaries, and setvalued mappings), which appear naturally and frequently in the framework of optimization, equilibrium,
and control problems while being often generated
by the use of variational principles and techniques.
Nonlinear systems and variational principles in applied
sciences also give rise to nonsmooth structures and

motivate the developments of new forms of analysis
that rely on generalized differentiation. Starting with
convex nonsmooth functions, subgradient mappings are
inevitably set-valued and require tools of set-valued
analysis for their study and applications. The last two
decades have witnessed rapid progress in developing
and applications of variational analysis and generalized
differentiation. Starting with the fundamental monograph by Rockafellar and Wets [1] devoted to finitedimensional aspects of variational analysis and their
applications to constrained optimization, an enormous
amount of publications on the subject appeared and
great many applications were developed to various
branches of mathematical sciences as well as to engineering, economics, biology, environmental and behavioral sciences, operations research, computer sciences,
robotics, etc. We refer the reader to [1] and the author’s monographs [2, 3], with the vast bibliographies
and commentaries therein, for the genesis of ideas,
basic constructions and results, and applications of
variational analysis and generalized differentiation in
finite and infinite dimensions. In particular, the second
volume of [2] contains a rather comprehensive account
of the methods and results of variational analysis
applied to nonsmooth controlled systems governed by
ordinary differential, functional differential, and partial
differential equations and Lipschitzian differential inclusions with a variety of applications. New trends in
variational analysis largely relates to the investigation
and solving of meaningful problems, which often come
from applications. A broad class of such problems
are governed by discontinuous differential inclusions
introduced originally by Moreau [4] in the form of the
sweeping process

ẋ(t) ∈ −N x(t); C(t) a.e. t ∈ [0, T ]
with x(0) := x0 ∈ C(0),
where N (x; C) stands for the normal cone of convex
analysis defined by

N (x; C) := v ∈ Rn hv, y − xi ≤ 0, y ∈ C
if x ∈ C and N (x; C) := ∅ if x ∈
/C
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for the continuously moving convex set C = C(t)
at the point x = x(t). The primal motivation of [4]
mainly came from problems of elastoplasticity, but over
the years the sweeping process and its modifications
have been developed in dynamical system theory with
many applications to various areas of mechanics, economics, traffic equilibria, robotics, etc.; see, e.g., the
excellent recent survey [5] with the references therein.
However, optimization and control problems for sweeping processes were formulated much latter. A primal
reason for this situation is that the Cauchy problem
for the sweeping process has a unique solution, and
so there is nothing to optimize. First optimal control
problems for sweeping processes were formulated with
controls functions acting in additive perturbations as in
[6]. Nevertheless, necessary optimality conditions for
controlled sweeping processes were first established
only in [7] (see also [10]) for a news class of problems with control functions acting in the moving set
formalized as C(t) = C(u(t)) on [0, T ]. Another
type of controlled sweeping processes was introduced
in [8], with deriving necessary optimality conditions,
where control functions entered a linear ODE system
adjacent to the sweeping dynamics. The very recent
years have witnessed a rapidly growing interest to
the derivation of necessary optimality conditions for
various types of controlled sweeping processes with
their broad applications to practical models; see, e.g.,
[11]– [20] and the references therein.
Here we pay the main attention to a general class
of optimal control problems governed by a perturbed
sweeping process over controlled polyhedral sets.
Namely, we consider the optimal control problem (P )
described as follows: minimize the cost functional of
the Bolza type

J[x, a, b, u] := ϕ x(T ) +
Z T 

+
` t, x(t), a(t), b(t), u(t), ẋ(t), ȧ(t), ḃ(t) dt
0

subject to the perturbed sweeping dynamics



 ẋ(t) ∈ −N x(t); C(t) + g x(t), u(t)
a.e. t ∈ [0, T ],

x(0) = x0 ∈ C(0) ⊂ Rn
with trajectories x(·) ∈ W 1,2 ([0, T ]; Rn ) generated
by measurable controls u(·) ∈ L2 ([0, T ]; Rd ) in the
additive perturbations of satisfying the constraint
u(t) ∈ U ⊂ Rd a.e. t ∈ [0, T ]
as well as absolutely continuous controls a(·) =
(a1 (·), . . . , am (·)) ∈ W 1,2 ([0, T ]; Rmn ) and b(·) =

(b1 (·), . . . , bm (·)) ∈ W 1,2 ([0, T ]; Rm ) acting in the
moving set
C(t) := {x ∈ Rn | hai (t), xi ≤ bi (t), i = 1, . . . , m } ,
t ∈ [0, T ],
under the the pointwise constraints on the entire time
interval given by
kai (t)k = 1 for all t ∈ [0, T ], i = 1, . . . , m,
ȧi (t) ∈ Ai ⊂ Rn and ḃi (t) ∈ Bi ⊂ R
a.e. t ∈ [0, T ], i = 1, . . . , m,
where the initial points x0 ∈ C(0), ai0 := ai (0) ∈ Rn ,
bi0 := bi (0) ∈ R are fixed together with the final time
T > 0.
Observe that, besides the hard/pointwise constraints
on control functions in both the additive perturbations
g(x, u) and the moving set C(t) imposed above, we
automatically have the mixed pointwise state-control
constraints given by the bilinear inequalities
hai (t), x(t)i ≤ bi (t) for all t ∈ [0, T ]
and i = 1, . . . , m,
which follow from the sweeping inclusion due to the
normal cone definition ensuring that x(t) ∈ C(t)
on [0, T ]. Together with the non-Lipschitzian (heavily
discontinuous) sweeping dynamics in (P ), this makes
deriving necessary optimality conditions for local minimizers of (P ) to be a very challenging task, which
does not allow us to employ conventional techniques
of the calculus of variations and optimal control theory.
It is important to emphasize that controlled sweeping
differential inclusions are highly different from optimal
control problems governed by smooth ODE systems
as in the classical monograph by Pontryagin et al.
[21] and by their nonsmooth counterparts (see, e.g.,
[22]), as well as by set-valued problems governed by
Lipschitzian differential inclusions; see the books [2],
[22] for more details and references. Note that the latter
control systems play a prominent role in the differential
game theory developed in the school by KrasovskiiSubbotin [23].
To advance the sweeping control theory, we employ the approach based on discrete approximations,
which goes back to Euler in the classical calculus
of variations. It was used by Pshenichnyi [24] to
optimize Lipschitzian differential inclusions governed
by set-valued mappings with convex graphs under
rather restrictive assumptions. Those restrictions and
the graph-convexity have been overcome by the author
[3], [26], [27] for nonconvex Lipschitzian differential
inclusions by using his version of variational analysis
and generalized differentiation.
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However, the situation with highly non-Lipschitzian
sweeping differential inclusions is very different from
Lipschitzian ones and requires much more involved
techniques of variational analysis and discrete approximations. The realization of these techniques has been
done in the aforementioned publications for particular
cases of problem (P ) formulated above. A crucial
role in these developments is played by new methods
and results of second-order variational analysis and
generalized differentiation, since second-order generalized derivatives naturally appear in the adjoint systems
to the sweeping dynamics due to its normal cone
description.
In this way we construct well-posed sequence of discrete approximations of the sweeping control problem
(P ), establish strong convergence of discrete optimal
solutions to the prescribed local minimizer of (P ),
derive necessary optimality conditions for solutions
to discrete approximations, and finally obtain efficient
necessary optimality conditions for local minimizers of
the original problem (P ) expressed entirely in terms
of its initial data. The established optimality conditions include, in particular, the adjoint systems in the
generalized Euler-Lagrange form based on the author’s
coderivative concept, and an appropriate extension of
Pontryagin’s maximum principle. The obtained results
lead us to fruitful applications to practical models arising in mechanics, robotics, hysteresis, traffic equilibria,
nanotechnology, etc.
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[8] M. Brokate and P. Krejčı́, Optimal control of ODE systems
involving a rate independent variational inequality, Discrete
Contin. Dyn. Syst. Ser. B 18 (2013), 331–348.
[9] L. Adam and J. V. Outrata, On optimal control of a sweeping
process coupled with an ordinary differential equation, Discrete
Contin. Dyn. Syst. Ser. B 19 (2014), 2709–2738.
[10] G. Colombo, R. Henrion, N. D. Hoang and B. S. Mordukhovich, Optimal control of the sweeping process over
polyhedral controlled sets, J. Diff. Eqs. 260 (2016), 3397–3447.
[11] T. H. Cao and B. S. Mordukhovich, Optimality conditions for
a controlled sweeping process with applications to the crowd
motion model, Discrete Contin. Dyn. Syst. Ser. B 21 (2017),
267–306.
[12] C. E. Arroud and G. Colombo, A maximum principle of the
controlled sweeping process, Set-Valued Var. Anal. 26 (2018),
607–629.
[13] T. H. Cao and B. S. Mordukhovich, Optimal control of a nonconvex perturbed sweeping process, J. Diff. Eqs. 266 (2019),
1003–1050.
[14] N. D. Hoang and B. S. Mordukhovich, Extended EulerLagrange and Hamiltonian formalisms in optimal control of
sweeping processes with controlled sweeping sets, J. Optim.
Theory Appl. 180 (2019), 256–289.
[15] G. Colombo, B. S. Mordukhovich and D. Nguyen, Optimal
control of sweeping processes in robotics and traffic flow
models, J. Optim. Theory Appl. 182 (2019), 439–472.
[16] M. d. R. de Pinho, M. M. A. Ferreira and G. V. Smirnov,
Optimal control involving sweeping processes, Set-Valued Var.
Anal. 27 (2019), 523–548.
[17] B. S. Mordukhovichh, Optimal control of Lipschitzian and
discontinuous differential inclusions with various applications,
Proc. Inst. Math. Mech. Azer. Acad. Sci. 45 (2019), 52–74.
[18] V. Zeidan, C. Nour and H. Saoud, A nonsmooth maximum
principle for a controlled nonconvex sweeping process, J. Diff.
Eqs. 269 (2020), 9531–9582.
[19] G. Colombo, B. S. Mordukhovich and D. Nguyen, Optimization of a perturbed sweeping process by discontinuous
controls, to appear in SIAM J. Control Optim. (2020), DOI
10.1137/18M1207120.
[20] B. S. Mordukhovich and D. Nguyen, Discrete approximations
and optimal control of nonsmooth perturbed sweeping processes, J. Convex Anal. 28 (2021), No. 2; arXiv:2004.13884v2.
[21] L. S. Pontryagin, V. G. Boltyanskii, R. V. Gamkrelidze and E. F.
Mishchenko, The Mathematical Theory of Optimal Processes,
Wiley, New York, 1962.
[22] R. B. Vinter, Optimal Control, Birkhaüser, Boston 2000.
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